We investigate the issue of how accurately we can constrain the lepton number asymmetry ξ ν = µ ν /T ν in the Universe by using future observations of 21 cm line fluctuations and cosmic microwave background (CMB). We find that combinations of the 21 cm line and the CMB observations can constrain the lepton asymmetry better than big-bang nucleosynthesis (BBN). Additionally, we also discuss constraints on ξ ν in the presence of some extra radiation, and show that the 21 cm line observations can substantially improve the constraints obtained by CMB alone, and allow us to distinguish the effects of the lepton asymmetry from the ones of extra radiation.
Introduction
The issue of the asymmetry of matter and antimatter in the Universe is one of the important subject in cosmology and particle physics. The baryon asymmetry is now accurately determined by using the combination of cosmological observations such as cosmic microwave background (CMB), big bang nucleosynthesis (BBN), large scale structure, type Ia supernovae and so on, and its actual number is η = (n b − nb)/n γ ≃ 6 × 10 −10 with n b , nb and n γ being the number densities of baryon, anti-baryon and photon, respectively. However, on the other hand, the asymmetry in the leptonic sector, the lepton asymmetry, is not well measured and only a weak constraint for the neutrino degeneracy parameter ξ ν = µ ν /T ν is obtained #1 . Although the lepton asymmetry is expected to be the same order with the baryonic one due to the spharelon effect, in some models, it can be much larger than the baryonic one [6] [7] [8] [9] [10] . Furthermore, if the lepton asymmetry is large, it may significantly affect some aspects of the evolution of the Universe: QCD phase transition [11] , large-scale cosmological magnetic field [12] , density fluctuations if primordial fluctuation is generated via the curvaton mechanism [13] [14] [15] and so on.
Thus it would be worth investigating to what extent the lepton asymmetry can be probed beyond the accuracy of current cosmological observations. Although various cosmological surveys are planned in the future, we in this paper consider future observations of fluctuations of neutral hydrogen 21 cm line, in addition to those of CMB, to study the future prospects of measuring the lepton asymmetry in the Universe. Since the signals from the 21 cm line can cover a wide redshift range, they can be complementary to other observations such as CMB. In addition, the effects of the lepton asymmetry mainly appear on small scales, which can be well measured by 21 cm observations. Thus such a survey would provide useful information. In this paper, to discuss expected constraints from the future cosmological surveys on the lepton asymmetry, or more specifically, the degeneracy parameter ξ ν , we make Fisher analysis by assuming the specifications for planned observations of 21 cm fluctuations such as Square Kilometer Array (SKA) [16] and Omniscope [17] . We also take into account BBN and CMB observations such as Planck [18] and CMBPol [19] .
The structure of this paper is as follows. In the next section, we summarize the formulas to investigate the effects of the lepton asymmetry on CMB and 21 cm fluctuations. Then in Section 3, we present our results, paying particular attention to how 21 cm observations will help to probe the lepton asymmetry. Summary and conclusion of this paper is given in the final section.
#1 So far constraints on ξ ν have been obtained by BBN (e.g., see [1, 2] and Fig. 4 in Appendix C), which is sometimes combined with CMB and/or some other observations (e.g., see Refs. [3] [4] [5] ).
Lepton asymmetry
In this section, we summarize the formulas to calculate power spectra of CMB and 21 cm fluctuations in models with non-zero lepton asymmetry, or non-zero chemical potential for neutrinos. When there exist nonzero chemical potentials for neutrinos, they affect its energy density and pressure, which modifies the background evolution. The existence of non-zero chemical potential also alters the perturbation equation. Below we describe the changes of the background and perturbation parts in turn.
Background
The distribution function for neutrino species ν i and its anti-particleν i with i = e, µ, τ are given by
where p i is momentum of ν i . ξ νi is the degeneracy parameter which is defined as ξ νi ≡ µ νi /T ν with µ νi being the chemical potential for ν i . T ν is the temperature of neutrino and related to that at the present epoch T ν 0 as T ν = T ν0 /a with a being the scale factor. In the following, we omit the subscript i for simplicity and give the formulas for one neutrino species including its mass m. The effects of the lepton asymmetry on the background evolution appear as the changes in its energy density and pressure. The energy density and pressure of a neutrino species are given by
By using the comoving momentum q ≡ pa, the above integral can be rewritten as
where we have defined y andm as
Although in general, the above integrals should be performed numerically, in relativistic and non-relativistic limits, some useful approximation can be adopted, in particular, when |ξ| ≪ O(1). Below we give explicit formulas for each case.
• Relativistic limit When am y (= m p ) ≪ 1, by expanding the integrand in Eqs. (2) and (3) up to the 2nd order in am y , the energy density and pressure can be written as
)
• Non-relativistic limit When am y (= m p ) ≫ 1, we can expand Eq. (2) around y/(am) = 0 and ξ = 0 #2 as
where C i (y) are the coefficients for the expansion of (e y+ξ + 1) −1 + (e y−ξ + 1) −1 around ξ = 0. We note that the terms with odd power for ξ do not appear. Explicit formulas for C i (y) are given in Appendix A.
Having the expressions for C i (y), we can analytically perform the integral of the form:
#2 In a non-relativistic limit for any ξ values, the exact solutions of ρ ν + ρν and p ν + pν are expressed by using polylogarithm. The formulas are given in Appendix B.
By taking into account the terms up to the 10th order in ξ, we obtain 
where ζ(x) means the Riemann zeta function. Similar calculations also hold for the pressure, and we have, up to the 10th order in ξ,
We have checked that above formulas are accurate as 10 −7 for |ξ| < 1 to obtain ρ ν and p ν with non-zero ξ.
Perturbation equation
Here we discuss the perturbation equation for massive neutrinos including the chemical potential. By perturbing the phase-space distribution function f ν as [20] 
wheref ν andfν are the background distribution functions, and Ψ ν represents its perturbation. τ is the conformal time. The perturbed Boltzmann equation for Ψ ν for the Fourier mode k in the synchronous gauge is given bẏ
where h L and η T are metric perturbations, and a dot represents the derivative with respect to the conformal time (we follow the notations in [20] ).n is the direction of the momentum p. We expand Ψ ν with the Legendre polynomial as
withk being the direction of k. The evolution equations for each multiple moment in the synchronous gauge take the form:
The dependence on the chemical potential appears in the factor d ln(f ν +f ν )/d ln y, which can be written as [21] 
By making the modifications given above as well as those for the background quantities to CAMB [22] , we calculate power spectra of CMB and 21 cm fluctuations and make a Fisher matrix analysis, whose results will be discussed in the next section.
Results
Now in this section, we discuss future prospects of the determination of the lepton asymmetry, or the chemical potentials for neutrino. For this purpose, we study expected constraints on ξ by making Fisher analysis adopting future observations of 21 cm fluctuations and CMB. In the analysis, we assume the specifications of SKA [16] and Omniscope [17] for 21 cm fluctuations and Planck [18] #3 and CMBPol [19] for CMB. Our methodology in the following analysis is basically the same as our previous one [27] , thus we refer the readers to [27] for the details.
In the following analysis, we explore the parameter space which includes the degenerate parameter ξ = ξ νe = ξ νµ = ξ ντ assuming the universal lepton asymmetry #4 and neutrino mass m ν as well as the six standard cosmological parameters (
#3 Although the temperature data from Planck is already available, here we are going to combine CMB data with future 21cm observations, and hence we also treat Planck in the same manner as other future observations.
#4 Regardless of the initial value of ξ νi (with i = e, µ, τ ) at the decoupling, the lepton asymmetry would be universal, due to the large mixing in neutrino mass matrix [28] . #5 Here Ω Λ , Ω b and Ω m are respectively energy densities of the cosmological constant, baryon and matter, h is the Hubble parameter normalized as H 0 = 100h km/s/Mpc, τ reion is the optical depth for reionization, A s and n s are respectively the amplitude and the spectral index for the primordial power spectrum. As CMB data, the Planck and CMBPol surveys are adopted in the left and right panels, respectively. In order from top to bottom, the fiducial values of ξ are set to −0.1, 0.05 and 0.01. Here we mainly present constraints for fixed Y p = 0.25. Shown are the constraints from CMB alone (solid black/green line) as well as the ones from CMB data combined with 21 cm data from SKA phase1 (red line), SKA phase2 (magenta line) and Omniscope (blue line). As a reference, the constraints from CMB data alone with the BBN relation are also shown (dotted black/green line). Note that scales in x-axis differ among different panels. In addition to these parameters, in some cases, we also include the helium abundance Y p and the effective number of neutrino species for extra (dark) radiation ∆N ν which gives its energy density in units of a single massless neutrino species as
Although the chemical potential ξ can be regarded as the changes to N ν , that is, the effective number of neutrino species for total dark radiation (neutrinos and extra radiation) as seen from Eqs. (9) and (13) 
Cases without extra radiation
Let us first see the cases without extra radiation. Fig. 1 shows constraints on the ξ-m ν plane for mainly the cases where we fixed Y p to 0.25 without assuming the BBN relation. On the other hand, constraints only from CMB observations with the BBN relation Y p (Ω b h 2 , ξ, ∆N ν ) are also shown as well, for the purpose of comparison. Regarding fiducial values of ξ, we adopted ξ = 0.01, 0.05 and −0.1 here. Note that ξ = 0.05 and -0.1 roughly correspond to the upper and lower bounds at 2σ from primordial abundance of the light elements (See Fig. 4 in Appendix C and Ref. [30] ). From the figure, we can immediately see that 21 cm observations can be a powerful probes of the lepton asymmetry. Compared with the constraints on ξ from Planck alone, the error is improved by a factor around 5 (10) by combining SKA (Omniscope). Even though CMBPol can by itself give much tighter constraints than Planck, combinations with 21 cm observations are still able to improve the constraints further by a factor around 2 (SKA) and 4 (Omniscope). We also note that constraints on the neutrino masses from CMB observations can be also improved by combining 21 cm observations. As an illustrative example, constraints on cosmological parameters for the cases with fiducial ξ = 0.05 are summarized in Table 1 .
In Fig. 1 , one may notice that the uncertainties in ξ, which we denote as σ ξ , is dependent on the fiducial value of ξ. This is because, in the absence of the BBN relation, there is no difference between neutrinos and anti-neutrinos in their effects both on the CMB and 21 cm power spectra. Therefore these power spectra are even functions of ξ, as can be also read from Eqs. (4)- (5) and (22), which respectively govern effects on the background and perturbation evolutions. In particular for small ξ ≪ 1, these power spectra should respond linearly to ξ 2 . This leads that σ ξ is proportional to the inverse of the fiducial ξ, while the error σ ξ 2 ∝ ξ σ ξ is almost independent of the fiducial ξ, which is confirmed from Table 4 , where we summarized constraints on ξ for various setups (e.g. without the BBN relation) and fiducial values of ξ for cases of ∆N ν = 0. Although σ ξ is dependent on fiducial ξ, we can still see that ξ = −0.1, which is roughly the current lower bound from the primordial light elements, can be detected marginally by CMBPol+SKA and significantly by CMBPol+Omniscope. This is remarkable as this indicates that even without assuming the BBN relation, we may be able to obtain a constraint on ξ better than one from the primordial light elements.
On the other hand, from the above figure, one may think 21 cm alone is powerful enough to give similar constraints on ξ as those from CMB+21 cm. However, this is not true. This can be understood by seeing that provided a very precise observation of 21 cm, e.g., Omniscope, its combinations with Planck and CMBPol still differ non-negligibly. This is due to that some cosmological parameters which degenerate with ξ when only a 21 cm observation is adopted can be determined well by CMB.
Let us next see the cases with the BBN relation Y p (Ω b h 2 , ξ, ∆N ν ), though we here still assume ∆N ν to vanish. In this case, ξ affects CMB and 21 cm observations also through Y p in addition to the effects we have taken into account in the case of fixed Y p . Regarding effects of ξ on the CMB power spectrum, this indirect effect through the BBN relation is more significant than direct ones. This can be noticed in Fig. 1 , where the contours of constraints from CMB alone can be squeezed in the direction of ξ by an order of magnitude with the BBN relation. Fig. 2 shows the same constraints as in Fig. 1 except that the BBN relation is now taken into account in any combinations of observations. Compared with the previous figure, improvements brought about by the combination of 21 cm observations are not as dramatic as in the cases without the BBN relation. This indirectly suggests that 21cm observations are not as sensitive to Y p as CMB. However, the combination with SKA can reduce the size of error in ξ by a few times from Planck alone and a similar level of improvement can be brought about by Omniscope compared to CMBPol alone. We note that with the BBN relation being assumed, a combination of CMB and 21 cm observations can constrain the lepton asymmetry substantially better than the primordial abundances of light elements.
Different from the cases without the BBN relation, one can notice that the sizes of errors in ξ little depend on fiducial ξ with the BBN relation. This is because prediction of BBN is sensitive to the sign of ξ. Therefore Y p responses linearly to ξ at the lowest order. In particular, the most significant effect of ξ on Y p is that ξ e changes the ratio of neutron number density to proton one when BBN starts. Positive (negative) ξ effectively boosts (suppresses) n → p conversion and reduces (increases) Y p . Such an effect can break the degeneracy between ξ and −ξ existing without the BBN relation.
Constraints on cosmological parameters are summarized in Tables 1, 2 and 3 , where we fixed Y p to 0.25, assumed the BBN relation and varied Y p as a free parameter, respectively. In these tables, we present constraints only for the fiducial ξ = 0.05, as we found that dependencies of errors on the fiducial ξ is not significant except for σ ξ ; as long as one considers a fiducial ξ ≤ 0.1, errors of cosmological parameters differ by no more than 25%. The only exception is σ ξ which has been shown to depend on fiducial ξ in the absence of the BBN relation. Table 4 summarizes the dependence of σ ξ on fiducial values of ξ. Except for the cases with the BBN relation, we see that σ ξ scales almost proportionally to the inverse of fiducial ξ.
Cases with extra radiation
So far we have been investigating constraints on ξ in combination with CMB and 21 cm observations. Having observed that the combination of observations can improve constraints on ξ from only CMB ones, we extend our analysis to consider cosmological models with not only nonzero ξ but also extra (dark) radiation other than active neutrinos. Throughout this subsection, we assume that the extra radiation is massless. In addition, we assume the BBN relation Y p (Ω b h 2 , ξ, ∆N ν ), which allows us to distinguish ξ and ∆N ν even if the active neutrinos are almost massless.
In Fig. 3 , we plot 2σ constraints in the ξ-∆N ν plane from CMB alone as well as combinations of CMB and 21 cm. Three different fiducial models (ξ, ∆N ν ) = (0, 0.2), • (0, 0.02) and (−0.12, 0) are adopted here. We note that the latter two fiducial models give the similar effective numbers of neutrino species when neutrinos are relativistic. We can see that CMB alone cannot constrain ∆N ν tightly. Moreover, the sizes of 2σ contours in the ∆N ν direction are dependent on fiducial parameters ξ and ∆N ν . This dependency should be suggesting that observations are not enough constraining and the likelihood surface in the ξ-∆N ν plane deviates from Gaussian cases to some extent. This may lead that when one explores constraints in a full parameter space using the Markov chain Monte Carlo, e.g., CosmoMC [31] , resulting constraints would be somewhat less stringent than forecasts based on the Fisher matrix analysis. However, once we combine 21 cm observations, the constraints on ∆N ν greatly improve. Moreover, the size of errors become almost independent of the fiducial values of ξ and ∆N ν by an order of magnitude. This shows that combinations of CMB and 21 cm line observations will be promising to disentangle degenerating ξ and ∆N ν . In Table 5 , we present the 1σ constraints only for ξ and ∆N ν . We note that regarding the constraints on other cosmological parameters, the inclusion of ∆N ν does not degrade most of them significantly, or, by at most 50 %. Only exceptions are the constants on Ω m h 2 from Planck alone and Ω b h 2 from Planck+Omniscope and CMBPol+Omniscope, which are degraded by 2-3 times.
Summary
We have conducted a forecast for constraints on the lepton asymmetry ξ from the future 21 cm observations. A detection of a finite ξ from cosmological observations can give unique implications for the origin of the baryon asymmetry in our Universe. In our analysis, we have adopted the power spectra of the 21 cm signal from redshifts before the reionization, in combination with those of CMB. When we consider constraints on ξ in the absence extra radiation, we have found that, even without assuming the BBN relation, combinations of 21 cm and CMB observations can constrain ξ with a better accuracy than the primordial abundances of light elements, which cannot be achieved by CMB alone. On the other hand, once the BBN relation has been taken into account, even the sensitivity of CMB observations alone to ξ substantially improves, 21 cm observations however can still improve the constraints and be useful in constraining the lepton asymmetry. In addition, we have also investigated constraints on ξ in the presence of some extra radiation. We have shown that 21 cm observations can substantially improve the constraints on ∆N ν from CMB alone, and allow us to distinguish between the lepton asymmetry and extra radiation. Our results should be indicating that 21 cm observations can be a powerful probe of neutrinos and the origin of matter in the Universe. 
Appendix

A Expressions for the coefficients C i
Below we give explicit expressions for the coefficients C i , which are necessary to obtain Eqs. (13) and (14) .
12 (e y + 1)
C 6 = e y (57e y − 302e 2y + 302e 3y − 57e 4y + e 5y − 1)
360 (e y + 1) 1814400 (e y + 1)
B Non-relativistic limit of ρ ν + ρν and p ν + pν for any ξ Below we show the exact solutions for the ρ ν + ρν and p ν + pν for any ξ in non-relativistic limit by using polylogarithm Li s (z), which is one of special functions. If we expand these formulas around ξ = 0 , they reduce to Eqs. (13) and (14) .
C BBN relation
In the early universe with a higher temperature than O(1) MeV the inter-converting reactions between neutron and proton through the weak interaction (n + e + ↔ p + ν e , n +ν e ↔ p + e − , and n ↔ p + e − + ν e ) were sufficiently rapid. In this case the neutron to proton ratio obeys its thermal equilibrium value,
with the mass difference ∆m np = 1.3 MeV. Here we explicitly wrote the degeneracy parameter of ν e to be ξ νe = µ νe /T ν with µ νe being the chemical potential of ν e . It is remarkable that the electron's chemical potential µ e − must be much smaller than that of ν e because of the neutrality of the Universe ξ e = µ e − /T ∼ O(η) ≪ ξ νe with T and η being the photon temperature and the baryon-to-photon ratio, respectively. Accordingly ξ νe affects the freezeout value of n/p, which can change the light element abundances. In particular Y p depends on ξ νe in addition to η (or Ω b h 2 ) and N ν . Thus Y p is related to those three parameters i.e., Y p =Y p (Ω b h 2 , ξ νe , ∆N ν ), which is called "the BBN relation." Since we need quite a precise value of Y p in the current studies, we numerically compute Y p as functions of those three parameters without adopting known fitting formula (e.g., given in Ref. [32] ). In this computation, we have used the most recent data for nuclear reaction rates [33] [34] [35] [36] [37] .
In Fig. 4 , as a reference, we plotted allowed regions in the η−ξ νe plane at the 68% and the 95% C.L, respectively. Here we set ∆N ν = 0. We have adopted the following observational light element abundances, Y p = 0.2534 ± 0.0083 (68%) [38] and D/H= n D /n H = (2.535 ± 0.050) × 10 −5 (68%) [39] . 
